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Mathematics Extension 2

General Instructions

¢ Reading time — 5 minutes

e Working time — 3 hours

¢ Write using black or blue pen.

e NESA-approved calculators may be used

o A reference sheet is provided at the back
of this paper.

e In Questions 11-16, show relevant
mathematical reasoning and/or
calculations.

e Marks may be deducted for careless or
badly arranged work

Total marks — 100
Exam consists of 11 pages.

This paper consists of TWO sections.

Section 1 - Page 2-4 (10 marks)
Questions 1 - 10

Attempt Questions 1 - 10

Allow about 15 minutes for this section.

Section Il — Pages 5 — 11 (90 marks)
Attempt questions 11 - 16
Allow about 2 hours 45 minutes for this
section.



Section I - Multiple Choice (10 marks)
Allow about 15 minutes for this section.

Use the multiple choice page for Question 1 — 10

1 If (a + bi)? = i, where a and b are real numbers, then:

A) a=--,b=—-
(B) a=—%,b=\%
(C) a=% ,b=%
(D) a=% ,b——%

2 The polynomial P(x) = x3 + 3x? — 24x + 28 has a double root. What is the value of this double
root?
(A) -8
(B) -7
(C) 4
(D) 2

How many points do the graphs of @

2
+ 3’7 = 1and x? — y? = —4 have in common?

(A) 0
(B) 1
(€) 2
(D) 4

4 Which expression is equal to

f dx )
V7—-6x-x2 '

(A) sint (22) + ¢
(B) sin' (X2) +¢
(©) sin"t (Z2) +¢
(D) sin"t (22) +¢



5 GivenP(z) =z3+ (1 +1i)z?>+ (1 +i)z+ ¢ (where c is constant) has a real zero z = —1 and

another zero z = «.
The third root could be:

A z=1—-a
B)z=a
C)z=—-a
(D) z="

a

6  Which of the following functions would be neither odd nor even?
(A) y = x?sinx
(B) ¥ = sin(x?)
(C) y = (sinx)?
(D) y = x? + sinx

7 The point (2,3) lies on the curve 2x? + 4xy — y? = 23. Find the gradient of the tangent to the curve

at this point.
(A) -2
(B) -2
(C) —4
(D) —10

8  Attimet, the position of a particle moving on the Cartesian plane is given by x = 3t,y = et.
Its acceleration is:
(A) Constant in both magnitude and direction.
(B) Constant in magnitude only.
(C) Constant in direction only.

(D) Constant in neither magnitude nor direction.



9 A particle P of mass m kg moves at a constant speed v in a circle of radius r, on a smooth horizontal
table, while attached to a string. The string is fixed at the top and inclined at angle of 6 to the table.

Hence particle P is acted upon by three forces: tension T, normal reaction N and weight mg.

mg

Which of the following shows the correct resolution of the forces on P ?

2
(A) Tcos6 + N =mg, Tsinf = %

mu?

(B) Tcosf — N =mg, Tsinf = —

(C) Tsin@+ N =mg, Tcosb = mTvz
(D) Tsin@ —N =mg, TcosO = mTvz
10 Thenine pointsP, Q, R, S, T, U, V, W and X are equally spaced around the circumference of a
circle. How many distinct triangles can be formed using three of these points as its vertices, with the

condition that the centre of the circle must lie in the interior of each such triangle?

U T
Vv S
W R
X Q
IZI
(A) 21
(B) 30
(C) 42
(D) 48

End of Section 1



Section 11 (90 marks)
Allow about 2 hours 45 minutes for this section.

Answer each question on the appropriate page in the writing booklet.

Question 11 (15 marks)

a)

b)

d)

For the hyperbola é - % = 1, find:

(i) the eccentricity.
(i) the coordinates of the foci.

Letz=1+i=\/2_cis% andw = V3 +1i.

(i) Find % in the form form a + ib , where a and b are real numbers.

(i)  Express w in modulus-argument form.
(iii) Hence or otherwise, find the exact value of cos 1”—2 .

If|z+V3—i|=1:
(1) Sketch the locus of z on an Argand diagram.

(i) Find all possible values for arg z.
(i)  Find the maximum value for |z|.

P (Cp, g) and Q(—cp, — g) are two points lying on the rectangular hyperbola xy = c2. The

tangent at P meets the line which passes through Q and is parallel to the x-axis at point A,
and the tangent also meets the line which passes through Q and is parallel to the y-axis at

B.

(1) What is the eccentricity of the hyperbola?

(i) Given that the equation of the tangent at P is x + p2?y = 2cp, show that P is

the midpoint of AB.
(ili)  Find the equation of the locus of A.
End of Question 11
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Question 12 (15 marks)

a)  The diagram below shows the function y = f(x).
)’

(1) Sketch y? = f(x), indicating important features such as turning points,
intercepts and asymptotes.
(i)  On a separate diagram, sketch y = f(|x]).

b)  The polynomial equation x3 — 3x — 2 = 0 has roots @, § and y.
(i)  Find a polynomial equation with roots a?, 2 and y2.
(i)  Find the value of a? + B2 + y?2.
(iii)  Find the value of a3+ g3 + y3.

c) (i)  Find:

e + e?¥
f 1+ e2x dx

(i)  Evaluate:

SE

f x sec? x dx
0

End of Question 12



Question 13 (15 marks)

a)

b)

d)

The Argand diagram below shows a triangle OPQ, where points P and Q represent the

complex numbers z and w respectively.

0 x

(i) Explainwhy |z —w| < |z| + |w|. 1
(if) The point R represents z + w. If |z-w|=|z+w|, what type of quadrilateral is OPRQ? 2

Give a reason for your answer.

The region bounded by the curve y = x* + 1, the y-axis, the x-axis and the line x = 1 is
rotated about the line x = 3.
Use the method of cylindrical shells to find the exact volume of the solid generated. 3

A block of wood is a frustum, 10 cm high. The cross-sections parallel to its ends are
rectangles which vary from 5cm by 8cm at the bottom, to 3cm by 4cm at the top. All of its
faces are plane shapes.

* decm

10 cm A X cm
h cm/ \
v v

8cm

The cross-section shown is a rectangle of length x cm and width y cm, at a height h cm
above the base of the block.

(i) Find an expression for x in terms of h 2
(i) Giveny = % (you do NOT need to prove this result), find the volume of the 3
block

Evaluate, without the use of a calculator:
o Ve—x-—2 2
llm s —

x-2 2—x

Five girls and three boys are to be seated around a circular table. How many arrangements 2
are possible if at least two boys are sitting next to each other?

End of Question 13
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Question 14 (15 marks)
a)

Given % — ﬁ =1, prove by mathematical induction that

n(n+1)
n
1 1
Sn = Z r_2 S 2 - E
r=1

for all positive integers n.

(You may also use the result that 1 <1 whenn > 0, without further proof.)
(n+1)2 n(n+1)
b)  Given that

I, = f;r//: cot™ x dx for all positive integers n:

(i)  Show that I, = ~log.2.
(i)  Show that

-1
Iz + 1, =——[(¥3)" —1] forn=234....
(iii) Evaluate Is.

c) A carof mass m kg is travelling around a circular banked track of radius r metres. It
experiences a normal reaction force N perpendicular to the track and a frictional force F

parallel to the track. The track is banked at an angle 6 to the horizontal and the
acceleration due to gravity is g m/s®.

r metres

By resolving forces vertically and horizontally it can be shown that

Ncosf — Fsinf = mg and Fcosf + Nsinf = mTvZ (DO NOT PROVE THESE)
(i)  Find an expression for F2 + N2 in terms of m, g, vand r.

(it)  If the car is traveling at 72 km/h and the ratio F: N = 6: 1, show that

m 160000
N=—. |g*+
V37 r2

(iii)  The driver wishes to travel around the track so that there is no frictional force
acting on the car. If the radius f the banked track is 300m, find the speed at
which the car should travel, given that & = 5°and g = 10 m/s?.

End of Question 14
8



Question 15 (15 marks)

a) Inthe diagram below, P is a point on the circle which is drawn through the vertices of
AABC. From P, perpendiculars are drawn, meeting AB at F and AC at G. FG produced
meets BC produced at H.

A

Not to Scale

Copy or trace the diagram into your answer booklet.
(i)  Provethat zPGH = £PAF.
(i)  Provethat PH L BC

b) Find [—%

3—cosx

2 2
) The ellipse with equation x—z + y_2 = 1 (where a > b) has eccentricity 0.4 and it intersects
a b

the x-axis at the points A and A’. The distance from one of the foci to point A is 1.
What are the possible values of a ?

Question 15 continues on the next page

N



d)  The diagram shows the graph of a function y = f(x).
y

1 2

Carefully sketch the following curves on separate diagrams:

(i)  y=logef(x) 2
(i) y=7f2~-x) 1
(iii) |yl = f(x) 2

End of Question 15
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Question 16 (15 marks)

a) A particle of mass m kg falls from rest in a resistive medium. Its velocity at time t seconds
is v m/s and it approaches a terminal velocity of R m/s. The resistive force upon it is mkv
newtons.

(i)  Show that the acceleration of the particle is given by ¥=k(R — v)
(i) Show that the time taken for the particle to reach 50% of its terminal velocity is
%logez seconds.

(iii)  Find the distance fallen during this this time.

b)  Use the identity:
(1+2x)2"1(1 —x)?" = (1 +x)(1 — x?)?"
to find a simpler expression for:

(0 D) -C D) -+ (o DG

c) (i) Iftanxtan(@ — x) = k, prove that

1+k cos(2x — 0)

1—-k cos@

(if) Hence or otherwise, find all solutions for

tanx tan (g—x) =2 ++/3.

End of Examination

11
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